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ABSTRACT
In this paper we have evaluated certain definite integral involving complete elliptic integral. The results are established in the form of
Hypergeometric function.
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1. INTRODUCTION
The complete elliptic integral of the first kind K may thus be defined as

> dt
K(k)=|?2 = (1.1
v L\/l—kzsinzé’ I"J(l—tle—kztz) (

or more compactly in terms of the incomplete integral of the first kind as
K(K)= F (k) = F(LK).(L2)

It can be expressed as a power series

)-—Z[ e T =TSP, (OFK™,(L3)

22n 2 e
where P, is the Legendre polynomlal whlch is equivalent to
1.3, (2n-1)M5 ) 20
Kk——l k* + K* 4+, + Pk +....],(1.4
(k)==I1 () (24) {(Zn)!!} 1.(1.4)

where n!! denotes the double factorial. In terms of the Gauss hypergeometric function, the complete elliptic
integral of the first kind can be expressed as

K(K) = F( 1 k?)(L.5)

The complete elliptic integral of the first k|nd is sometlmes called the quarter period. It can most efficiently be
computed in terms of the arithmetic-geometric mean:

z
K (k)= 2 (1.6
() agm(1-k,1+k) (16)
A generalized hypergeometric function | F, (a,,...,a,;b;,...,b;;z) is a function which can be defined in the form

of a hypergeometric series, i.e., a series for which the ratio of successive terms can be written
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Where k+1 in the denominator is present for historical reasons of notation[ Koepf p.12(2.9)], and the resulting
generalized hypergeometric function is written

al’az’“.’ap ! sl k
. o $ @@ (@),

e b,,b, - : 0 (0 (Bp) -+ (by) k!

where the parameters b,,b,,---,b, are positive integers.

The | F, series converges for all finite z if p<q, converges for |z|<1 if p=q+1, diverges forall z,
z#0 if p>qg-+1[Luke p.156(3)].

The function ,F (a,b;c;z) corresponding to p=2,q=1, is the first hypergeometric function to be

studied (and, in general, arises the most frequently in physical problems), and so is frequently known as "the"
hypergeometric equation or, more explicitly, Gauss’s hypergeometric function [Gauss p.123-162]. To confuse
matters even more, the term "hypergeometric function™ is less commonly used to mean closed form, and
"hypergeometric series" is sometimes used to mean hypergeometric function.

In mathematics, the falling factorial or Pochhammer symbol (sometimes called the descending
factorial,falling sequential product, or lower factorial) is defined as the polynomial[ Steffensen p.8]

€, =66 D=2 le-n+D) = [ [e—k+D) = [ [~ (L9

The fundamental operations of Boolean algebra are as follows:
AND (conjunction), denoted £ A @, satisfies EAnw=1if £=w=1,and & A® =0 otherwise.
OR (disjunction), denoted & v w, satisfies Evw=0if £=w=0,and &vw=1 otherwise.
NOT (negation), denoted —¢ , satisfies =& =0 if £=1and —=&=1if £=0.

(1.8)

2. MAIN FORMULAE OF THE INTEGRATION

r X K(ax)dx=i7z[164F3(£,1,§,§;£,1,§;32)+

0 [1_x2 32 4 4 44222
3355, 3

+m F,(~,>,>,5;1,=,2;a%)], for Im(a) #0v Re(a) < 0.(2.1
(44442 )1, (a) =0v Re(a) <0.(2.1)

[ KEydk= o all6a i G 5 505 5 i)t

0 12 32a 4'4°4°4°2°2'2
3355,3,.1

+r,F(=,—,—,—;1,=,2,=)], for Im(a) 0v Re(a) <0.(2.2

7,4(44442 2)] (a) =0vRe(a) <0.(2.2)
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0 L 225 4 444442278
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(4)54(44444 224)] (a) #0v Re(a) <0.(2.3)
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K (ax'*)dx = 2. 2 13 26" for Im(a) = 0v Re(a) < 0.(2.11)
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