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ABSTARCT 
The electronic properties of both symmetric and asymmetric with respect to the geometric dimensions of the semiconductor structure layers 

have been studied. In this case, the Schrödinger equation is solved both for the general wave function and for quantum wells, taking into 

account the difference in effective masses in the layers of the structure. 

The expression for the gap between the energy levels of the energy appearing in the quantum well is analyzed. It is shown that the 

energy gap is determined by a quantity that is a measure of the asymmetry of two quantum wells, and it is equal to zero for symmetric wells. 

In the case when the asymmetry of the wells is negligibly small, then the gap between the levels in the tunnel-coupled wells is determined by 

the value characterizing the tunneling splitting of the energy levels. 

It is determined that in tunnel-coupled wells, the energy levels are shifted relative to the levels of isolated wells, and wave functions 

arise from the wave functions of isolated wells as a result of their "mixing". 
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INTRODUCTION 
The study of the electronic properties of both symmetric and asymmetric with respect to the geometric dimensions of 

the layers of a semiconductor structure is relevant in connection with the use of these structures in micro- or nanoelectronics and 

in other areas of solid-state physics [1]. In [2–17], the kinetic properties of multilayer and nanosized semiconductor structures 

were studied. The theory was created in different models using different mathematical methods for solving the complete 

Schrödinger equation for a system of electrons interacting with an electromagnetic field in a structure with a   shaped potential 

barrier. In the above-mentioned works, the problem was solved without taking into account the Bastard condition: the difference 

in the effective masses of current carriers in adjacent layers of the structure was not taken into account. And also, tunnel-bound 

electronic states in quantum wells, between which there is a narrow tunnel-transparent potential barrier, have not been studied. 

This work is devoted to this case. 

 

General Ratios 

In structures with two (or more) closely spaced potential wells, the wave functions of adjacent wells overlap with each 

other in the barrier region between the wells, so that the probability of detecting an electron in the barrier region is noticeably 

different from zero. Consequently, current carriers can pass from one well to another with a noticeable probability, despite the fact 

that their energies do not exceed the barrier value. Such a quantum phenomenon is called the tunneling effect [18]. Quantum 

wells, in which the probability of the tunneling effect is not small, are called tunnel-coupled. 

The emergence of a tunnel coupling as the wells approach each other affects the position of the energy levels in them and 

the shape of the wave functions. To calculate the size quantization levels and the wave functions belonging to them, we must 

solve the Schrödinger equation for the chosen potential with Bastard boundary conditions, where  x the wave function and 

1 d

m dx


magnitudes remain continuous at the interface of the potential well (A layer) and the barrier (B layer) [7], i.e. . 
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A B  , 
   1 1

A B

d x d x

m dx m dx

 
       (1) 

Therefore, in further calculations it is necessary to take into account (1) at each heterointerface (and it is necessary to 

take into account the decrease in the wave functions for if the wave vector of the current carriers is real). In a nanostructure with 

two wells, there are two interfaces. Therefore, conditions (1) give a relatively cumbersome system of equations for eight 

unknowns. 

Let 
1 ( )U x and 2 ( )U x  are single-well potentials (left and right wells) considered independently of each other. Here it is 

convenient to assume that the energy reference point is chosen at the level of the barrier, and each of the functions 
1 ( )U x ,

2 ( )U x  differs from zero only within its own layer. Then the potential U(x) for the structure with two wells is written as the sum 

of 1 ( )U x  and 2 ( )U x , and the Schrödinger equation in the two-well problem with coordinate-independent effective mass m 

takes the form: 

H E  ,       (2) 

where 1 2 1 2H H H U U    ,  1 1H U , and  2 2H U the operator of the Hamiltonian (potential) for the left and right 

potential wells. Then the general Schrödinger equation takes the form 

2 2
2 2

1 2

1 22 2
U U E

m m
 

 
       
 

 

and for the one-dimensional case we have 

   
2 2 2 2

1 22

12 122 2

k
U U x E x

z
 

 


 

   
       

   
    (3) 

where  

12 1 2

1 1 1

m m

 
  
 

, 
2 2 2

x yk k k   .  

Then the Schrödenger equation for the left and right potential wells can be written as 

2 2 2 2

1 1 1 12

1 12 2

k
U E

m z m
 

   
      

   
,    

2 2 2 2

2 2 2 22

2 22 2

k
U E

m z m
 

   
      

   
.        (4) 

If we take into account the principle of superposition, then we have  

     1 1 2 2x C x C x         (5) 

Then substitution (5) into equation (3) and taking into account (4), we obtain: 

 
     

22
11 1

1 1 1 1 1 2 12

12 1 12

1
2

xm m
C U x U x U x

m z


  

  

    
              

 

 
     

22
22 2

2 2 2 1 2 2 22

12 2 12

1
2

xm m
C U x U x U x

m z


  

  

    
               

  (6) 

   
2 2 2 2

1 1 2 2

12 122 2

k k
C E x C E x 

 
 

 

   
      

   
    

Then multiplying (6) on the left side by  1 x 
and  2 x 

alternately, as well as integrating, we obtain 
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(21) (21) (22) (22)1 2
1 1 1 2 2 2 1 2

12 12

(11) (11) (12) (12)1 2
1 1 1 2 2 2 1 2

12 12

1 1 0,

1 1 0.

m m
C E U U E C E U U E

m m
C E U U E C E U U E

 
 

 
 

 

 

  



   
               
      

      
             



 
    







  

  (7) 

Здесь    (21)

1 2 1 1U x U x dx   ,    (21)

2 2 2 1U x U x dx   ,    (22)

1 2 1 2U x U x dx   , 

   (22)

2 2 2 2U x U x dx   ,     (11)

1 1 1 1U x U x dx   ,    (11)

2 1 2 1U x U x dx   , 

   (12)

1 1 1 2U x U x dx   ,    (12)

2 1 2 2U x U x dx   ,    2 1x x dx    ,  

2 2

122

k
E E





 

2 2

2
a a

a

k
E E

m

  ,

2 2

1
1 1

12 12

m k
E E

m




 
  

 
, 

2 2

2
2 2

12 22

m k
E E

m




 
  

 
. 

In order for the system of homogeneous equations (7) to have a nonzero solution, it is necessary to equate its 

determinant to zero. Then 

(21) (21) (22) (22)1 2
1 1 2 2 1 2

12 12

(11) (11) (12) (12)1 2
1 1 2 2 1 2

12 12

0

1 1

1 1

m m
E U U E E U U E

m m
E U U E E U U E

 
 

 
 

 

 

   
          
   

   
        








 




  




 





 

.   (8) 

Where do we get the algebraic equation of the second degree for the variable E  

2 0aE b E c     ,      (9) 

which has two of its roots E
, which are the desired energy levels of an electron in a double-well potential ( )U x  

2
1 1 4

2

b ac
E

a b


 
     

 

, 
2

1 1 4
2

b ac
E

a b


 
     

 

   (10) 

где  21a   ,  6 2 31b     , 4 1c    , 

(21) (21) (12) (12)1 2
1 1 1 2 2 1 2

12 12

1 1
m m

E U U E U U 
  

     
              

     

, 

(12) (12)2
2 2 1 2

12

1
m

E U U 


  
       

  

, 
(21) (21)1

3 1 1 2

12

1
m

E U U 


  
       

  

, 

(11) (11) (22) (22)1 2
4 1 1 2 2 1 2

12 12

1 1
m m

E U U E U U
  

      
                 

      

, 
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(22) (22)2
5 2 1 2

12

1
m

E U U


  
       

  

, 
(11) (11)1

6 1 1 2

12

1
m

E U U


  
       

  

 

By substituting alternately these roots in (7), we can find two solutions of the system,  1 2C C


 and  1 2C C


, 

which, according to (7), determine the wave functions    1 2,z z   belonging to the energy levels E
 and E

. 

 

RESULTS AND CONCLUSIONS 

Thus, in tunnel-coupled wells, the energy levels shift relative to the levels of isolated wells, and the wave functions arise 

from the wave functions of isolated wells as a result of their "mixing" - the formation of linear combinations (7). 

It is easy to see that the mixing of functions  1 z  and  2 z  is due to the presence of the following expressions 

(22) (22)2
2 1 2

12

1
m

E U U E


 
    

 
 and 

(11) (11)1
1 1 2

12

1
m

E U U E


 
    
 

, since in the absence of these expressions in the 

system of equations (7) it has only solutions for which one of the coefficients 
1C ,  

2C  is equal to zero. Therefore, system (7) can 

be simplified, retaining the main features of its solutions, if we neglect the contributions from 
( )

1, 2

nnU , where 1,2n  . Then (7) 

takes the form 

 

 

1 1 2 2

1 1 2 2

0,

0,

C C E E

C E E C





  

  



      (11) 

where 
(21) (21)1

1 1 2

12

1
m

U U


 
    

 
, 

(12) (12)2
2 1 2

12

1
m

U U


 
    

 
. Then, equating the determinant of the system of 

equations (11) to zero, we obtain instead of (8) a less cumbersome equation 

 2

1 2 1 2 1 2 0E E E E E E      ,   (12) 

the roots of which are equal 

 
2

1 2 1 2 1 2

1
4

2
E E E E E

 
       

 
 .   (13) 

Let us now analyze the expression for the gap between energy levels (13), i.e. the value E E E 
    . The value 

1 2asymE E E    is a measure of the asymmetry of two quantum wells, and it is equal to zero for symmetric wells. If its 

square dominates under the root sign in (4), then asymE E   . In this case, the solutions of system (11) correspond to wave 

functions    1 2,z z   close to the original functions 
1 ,

2 , i.e. there is almost no mixing of the wave functions. In the 

opposite case, when the asymmetry of the wells is negligibly small, then the gap between the levels (13) in the tunnel-coupled 

wells is 
1 24E   , where this value characterizes the tunneling splitting of the energy levels. In this case, the solutions of 

system (11) correspond to a strong mixing of the initial wave functions, where the coefficients 
1C  and 2C  are comparable in 

absolute value to each other. 
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